
TAXONOMY OF MEASURES

Finiteness Conditions

s-finite
µ =

∑∞
n=1 µn,

µn finite

probability
µ(X) = 1

finite
µ(X) < ∞

σ-finite
X =

⋃
n∈NXn,

µ(Xn) < ∞

semi-finite
if µ(E) = ∞, then

∃F ⊆ E, 0 < µ(F ) < ∞

Measurability Conditions

complete
if µ(N) = 0 and E ⊆ N ,
then E is measurable

saturated
if E ∩ F is measurable whenver µ(F ) < ∞,

then E is measurable

Continuity Conditions

discrete
µ =

∑
x∈X cxδx

(purely) atomic
if µ(E) > 0, then E contains a set A such that

µ(A) > 0 and B ⊆ A =⇒ µ(B) = 0 or µ(A \B) = 0

continuous
µ({x}) = 0

non-atomic/diffuse
if µ(E) > 0, then ∃F ⊆ E such that

µ(F ) > 0 and µ(E \ F ) > 0

if singletons

are measurable

complementary complementary

if singletons

are measurable

Regularity Conditions (for Borel Measures)

locally finite µ(K) < ∞ for compact K ⊆ X
outer regular µ(E) = inf{µ(U) : U ⊇ E open}
inner regular µ(E) = sup{µ(K) : K ⊆ E compact}


